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Abstract
We present a mathematical model of coherent and incoherent beam combination in a thick hologram. We also
derive the formulae relating the read and write angles to the read and write wavelengths for the combiner. Furthermore,
we present a new technique for determining the M# , and establish that the M# required for a coherent combiner is
substantially less than that needed for an incoherent one.
Ó 2003 Elsevier Science B.V. All rights reserved.
PACS: 42.40; 42.40.E
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1. Introduction
Lasers have rapidly found use in many industrial and consumer settings. A majority of the
applications make use of small, reliable, inexpensive diode lasers. The cost of low power lasers has
been drastically reduced, thereby increasing demand and applications. High power lasers, however, have not experienced the same cost
reduction. Many new applications and improve-
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ments to existing technologies would be possible
with less expensive higher power lasers. One way
to deal with this shortage is to combine multiple
low power diode lasers into a single beam [1–6].
Gratings in a thick hologram [7–10] can be of help
in this regard. In particular, an incoherent holographic beam combiner (HBC) can be used to
combine the output from many lasers into a singeaperture, diﬀraction-limited beam. The beams can
be combined coherently as well. A coherent HBC
can be used as a multiport splitter/combiner in
architectures where a master oscillator is ﬁrst split
into many copies, and recombined after ampliﬁcation, for example. A coherent HBC is also a
critical element in a super-parallel holographic
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optical correlator [11]. The principle behind the
HBC is based on the storage of multiple holographic gratings in the same spatial location. Incoherent beam combination is particularly suited
to thick holograms due to the narrow spectral selectivity of the gratings. In order to limit cross talk
between an incident beam and other gratings, a
minimum wavelength separation Dk is required.
Other diﬀractive beam combiners, such as blazed
gratings can typically achieve a Dk greater than 1.5
nm [1]. In contrast, a thick holographic plate can
easily achieve Dk on the order of 0.05 nm [12]. The
maximum number of lasers that can be combined
for a given application is therefore potentially
much larger.
The paper is organized as follows. In Section 2,
we present an analysis of the coherent HBC via
multi-wave mixing in a thick hologram. Here, we
follow the model used by Kogelnik [13], although
the results presented here represent a non-trivial
extension of this work as well as other analyses of
this type [14–17]. In Section 3, we extend this
analysis to model the incoherent HBC. In Section
4, we formulate explicitly the constraints imposed
on the read and write angles for the situation
where the read and write wavelengths diﬀer. In
Section 5, we establish the values of the so-called
M# required for both type of combiners, and
present a new technique for determining the value
of the M# [18–21].

Fig. 1. Schematic illustration of the combination of two mutually coherent input beams into a single output beam.

where k is the wavenumber and E is the electric
ﬁeld describing all the oscillatory ﬁelds at the degenerate frequency, x. Here, we assume the ﬁeld to
be TE polarized. An extension to TM or arbitrary
polarization can be made in the same manner as
illustrated in [13]. We also assume that the ﬁeld
does not vary in the y direction, and express the
ﬁeld as the sum of the input (R1 and R2 ) and the
output (S) waves
Eðx; zÞ ¼ R1 ðzÞei~q1 ~x þ R2 ðzÞei~q2 ~x þ SðzÞei~r~x :

ð2Þ

The wavevectors for each of these beams are assumed to be of the same magnitude
q21 ¼ q22  b2 ;

ð3Þ

2

ð4Þ

2. Coherent beam combination

r ¼b :

Fig. 1 illustrates the basic model used in this
analysis. For simplicity we consider ﬁrst the combination of two read beams incident on a hologram with two gratings. We will then extrapolate
the result for N beams and N gratings. A further
simpliﬁcation is the assumption that the index of
refraction is the same throughout the system. This
model is used merely to simplify the notation. In
reality the input and output angles would have to
take into account refraction at the entrance and
exit surfaces.
The scalar wave equation for this system can be
written as

We also assume Bragg matching for each input
beam

r2 Eðx; zÞ þ k 2 Eðx; zÞ ¼ 0;

2

ð1Þ

~1 ¼ ~
~2 ;
~
q2  K
r ¼~
q1  K

ð5Þ

~1 and K
~2 are the grating vectors.
where K
Using phase matching terms, in the slowly
varying envelope approximation (SVEA) [22], the
wave equation reduces to
oR1
¼ ij1 S;
oz
oR2
¼ ij2 S;
CR2
oz
oS
¼ ij1 R1  ij2 R2 ;
CS
oz

CR1

ð6Þ
ð7Þ
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where
CS ¼ cos X;

ð8Þ

CRj ¼ cos hj ;
pnj
jj ¼
; j ¼ 1; 2:
k

ð9Þ
ð10Þ

Here, n1 and n2 are the amplitudes of the index
modulations, deﬁned by
~1 ~
~2 ~
x þ n2 cos K
x:
nðx; zÞ ¼ n0 þ n1 cos K

ð11Þ

Using boundary conditions that R1 ð0Þ ¼ r1 (complex), R2 ð0Þ ¼ r2 (complex), Sð0Þ ¼ 0, the solutions
to these equations, evaluated at the exit surface,
become
R1 ðdÞ ¼ j2 A þ j1 CR2 B  cosða0 dÞ;

ð12Þ

R2 ðdÞ ¼ j1 A þ j2 CR1 B  cosða0 dÞ;

ð13Þ

SðdÞ ¼ iC  sinða0 dÞ;

ð14Þ

where
CR1 j2 r1  CR2 j1 r2
;
ð15Þ
CR1 j22 þ CR2 j21
j1 r1 þ j2 r2
B¼
;
ð16Þ
CR1 j22 þ CR2 j21

1=2
CR1 CR2
C ¼ ðj1 r1 þ j2 r2 Þ 
;
CS ðCR1 j22 þ CR2 j21 Þ
A¼

ð17Þ

a0 ¼

CR1 j22 þ CR2 j21
CR1 CR2 CS

1=2
ð18Þ

:

These equations are formulated in a way such that
the energy ﬂow is conserved in the z-direction [13]
CR1 jR1 j2 þ CR2 jR2 j2 ¼ CS jS j2 :

ð19Þ

The intensity of the diﬀracted beam is Id ¼ F jSj
where the obliquity factor, F, is given by
2

F ¼

2

One possible condition for achieving g ¼ 1 is
d ¼ p=2a0 and
r1 j1 CR2
¼ 
:
r2 j2 CR1

ð21Þ

For symmetry, one can then infer that the general
condition for g ¼ 1 with n input beams is
CR1  r1 CR2  r2 CR3  r3
CRn  rn
¼
¼
¼  ¼
j1
j2
j3
jn

ð22Þ

and
"
#1=2
n
j2j
p pﬃﬃﬃﬃﬃﬃ X
d ¼  CS 
2
CRj
j¼1

ð23Þ

The results show that it is possible to combine N
mutually coherent beams with 100% eﬃciency,
provided some constraints are met. The most important requirement is that all of the input beams be
in phase at the interface. We also note that the individual index modulation necessary for achieving
100% diﬀraction for N beams is less than the modulation necessary to produce 100% diﬀraction of a
single beam, as illustrated in Section 5. In the next
section we investigate how this requirement diﬀers
for combining mutually incoherent beams [23].

3. Combining mutually incoherent beams
Fig. 2 illustrates the case for combining mutually incoherent beams. The equations here are
considerably simpler, so that we can deal with the
N beams explicitly. As before, we begin with the
wave equation
r2 Eðx; zÞ þ k 2 Eðx; zÞ ¼ 0;
N 
X
Eðx; zÞ ¼
Rj ðzÞei~qj ~x þ Sj ðzÞei~rj ~x :

ð24Þ
ð25Þ

j¼1

2

r12 þ r22  jR1 ðdÞj  jR2 ðdÞj
jSðdÞj

2

77

:

ð20Þ

The diﬀraction eﬃciency, g, is given by g 
Id =ðr12 þ r22 Þ, where g ¼ 1 corresponds to the situation where the intensity of R1 and R2 fall to zero
at the output, indicating that all of the incident
power has been transferred to the diﬀracted
beams.

We assume Bragg matching for each beam, so that
~
r2 ¼    ¼ ~
rj  ~
r, q2j ¼ r2 ¼ b2 , and ~
r¼
r1 ¼ ~
~j . In general, the wave mixing equations are
~
qj  K
not mutually independent. This can be seen easily
by considering the following physical situation.
Consider, for example, the diﬀraction of input
beam R1 . It scatters oﬀ grating K1 , producing an
output beam in the direction of the bold arrow. As
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CRj ¼ cos hj ;

ð27Þ

CS ¼ cos X;
pnj
;
jj ¼
k

ð28Þ

nðx; zÞ ¼ n0 þ

ð29Þ
N
X

~j ~
nj  cos K
x;

ð30Þ

j¼1

Using the boundary conditions Rj ð0Þ ¼ rj ,
Sj ð0Þ ¼ 0 we determine the amplitudes of the ﬁelds
at the output

Fig. 2. Schematic illustration of the combination of N mutually
incoherent input beams into a single output beam.

soon as this beam acquires a non-vanishing amplitude, it will then diﬀract oﬀ gratings K2 ; K3 ; . . . ;
KN , producing additional beams in the direction
parallel to beams R2 ; R3 ; . . . ; RN , respectively. This
diﬃculty can be solved by requiring that each
beam diﬀers in wavelength from its neighbors by at
least an amount DkCS big enough to suppress this
undesired coupling. In order to determine the
minimum value of the channel spacing, DkCS , we
recall from Kogelnik [13] that the full-width halfmaximum (FWHM) wavelength selectivity of
transmission holograms is given by
DkFWHM

CotðhÞ ðK=dÞ k;

ð26Þ

where h is the Bragg angle, K is the grating periodicity, d is the sample thickness, and k is the read
wavelength. (This equation is true for the case
where the input and output beams are symmetric.
In Fig. 2, this applies strictly to beam 1 only;
however, if the other beams are close to this beam,
then the deviation from this result is negligible.)
Consider, for example, the case where the ﬁrst
grating is written at 30°, using a 514 nm source.
The value of DkFWHM for a read wavelength of 980
nm, for example, is then 0.05 nm for d ¼ 2 mm. In
the rest of this discussion, we assume that
DkCS > DkFWHM [24].
As such, we can now assume that the wave
equations are mutually independent, so that for
each input beam (j ¼ 1; 2; . . . ; N ) we can write
CRj oRj =oz ¼ ijj Sj , CS oSj =oz ¼ ijj Rj where

Rj ðdÞ ¼ rj cosðaj dÞ;
rﬃﬃﬃﬃﬃﬃﬃ
CRj
 sinðaj dÞ;
Sj ðdÞ ¼ irj
CS
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
a j ð d Þ ¼ jj 
:
CRj CS

ð31Þ
ð32Þ
ð33Þ

The intensity in the jth diﬀracted beam is Idj ¼
Fj jSj  ðdÞj2 where the obliquity factor Fj , is given
by
2

Fj ¼

rj2  jRj ðdÞj
jSj ðdÞj

2

¼

CS
:
CRj

ð34Þ

The diﬀraction eﬃciency, gj , is given by gj ¼
2
Id =jrj j ¼ sin2 ðaj  dÞ The total diﬀraction eﬃciency is given by
g¼

N
X
gj
:
N
j¼1

ð35Þ

The condition for achieving a 100% eﬃcient beam
combination is g ¼ N which requires gj ¼ 1 for
each j. This means we must have aj ¼ ðp=2Þ  ð1=dÞ
for each j, which in turn requires
j2j
p2  CS
¼
:
CRj
4d 2

ð36Þ

The value of CS is determined from the Bragg
matching condition
CS ¼ cosðhj Þ 

~j ~
K
z
;
b

ð37Þ

which, by construction, is the same for each j. The
condition for 100% diﬀraction eﬃciency for N
beams is therefore the same as that for 100% diffraction eﬃciency for each beam individually.
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4. Diﬀering write and read wavelengths
Many holographic materials, though eﬃcient in
reading at many wavelengths, are particularly
sensitive to a narrow band of wavelengths during
writing. Therefore one may need to write and read
holograms at diﬀerent wavelengths. The following
parameters are assumed to be given as inputs: the
values of the read wavelengths kR1 and kR2 , the
write wavelength kW , the mean index of the holographic substrate, the thickness thereof, and the
amplitude of the index modulation for each grating. The equations are used to determine the following output parameters: the angles hW1 and hW2
(for both reference and object beams) used for
writing the holograms, and the angles at which the
lasers at kR1 and kR2 have to be applied to the beam
combiner (i.e., the Bragg angles). The desired
output angle hS of the combined beam can be
treated as a given input or as an output to be determined depending on the desired degree of crosstalk suppression. This is because the value of
DkFWHM depends on this angle, in addition to other
parameters that are assumed to be given [13,25]. In
the following discussion we show the relationship
between the write angles and read angles when
diﬀerent wavelength lasers are employed for each
step.
Fig. 3 illustrates the basic writing geometry.
Consider the process for writing the ﬁrst grating,
using beams W1 (reference) and W2 (object) with
laser beams of wavelength kW (e.g. 514.5 nm). We
choose the ﬁrst read wavelength kR1 (e.g. 980 nm)
and the desired angle of diﬀraction hS . These two
choices plus the chosen writing wavelength will
determine the ﬁrst two writing angles hW1 and hW2 .
If read by a laser beam also at kW , the read beam
will diﬀract eﬃciently only if it is Bragg matched,
i.e., incident at the same angle as W2 , and will
produce a diﬀracted beam on the other side parallel to the reference beam W1 . When read by laser
beam O1 at kR1 the Bragg incidence angle as well as
the diﬀracted angle hS is larger.
Consider next the process for writing the second
grating, using a new pair of beams with kW (W01
and W02 from Fig. 3). Our goal is to choose the
incident angles for these two beams such that when
this hologram is read by a laser beam O2 at the

Fig. 3. Schematic illustration of the geometry for writing two
holograms at 514.5 nm. The angles of the writing beams are
chosen to ensure that when the holograms are read by lasers at
980 nm, the output beams overlap.

second read wavelength of kR2 the diﬀracted beam
will emerge at the same angle hS . We choose the
angular distance between the ﬁrst and the second
read beams d (see Fig. 4), as well as the wavelength
of the second read beam, O2 . These constraints
yield a new pair of writing angles, h0W1 and h0W2 , for
the beams W01 and W02 , respectively, in Fig. 3.
Explicit analysis shows that these two angles are
given by

nR kW
h0W1 ¼ sin1 nW  sin sin1

nW kR



~
~
~
 sin hS ::: þ d=2  d=2 ;
ð38Þ


nR kW
sin1

nW kR



 sin h~S ::: þ d~=2 þ d~=2 ;

h0W2 ¼ sin1 nW  sin

where we have deﬁned


sin hS
h~S ¼ sin1
;
nR




sin ðhS þ dÞ
sin hS
1
1
~
d ¼ sin
 sin
;
nR
nR
d ¼ hOj  hOðjþ1Þ
nW  index at the writing wavelength;
nR  index at reading wavelength;

ð39Þ
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where k represents the wavenumber of the grating.
When this grating is illuminated by a laser beam of
wavelength k, the diﬀraction eﬃciency (ignoring
Fresnel reﬂection, which can be eliminated by antireﬂection coating, for example, or can be taken
into account in the deﬁnition) is deﬁned to be
g

Fig. 4. Illustration of the geometry for reading the two holograms, the ﬁrst one (O1 ) at 980 nm and the second (O2 ) at 980
nm + Dk. Both beams will be diﬀracted at the same exit angle,
hS .

kW  the writing wavelength;
kR  the reading wavelength:
We point out that these equations take into account the eﬀect of holographic magniﬁcation when
the read wavelength is longer than the writing
wavelength and the eﬀect of potentially diﬀerent
indices of refraction at the read and write wavelengths.
One of the key issues for an HBC is the maximum number of beams that can be combined efﬁciently. This is determined by the so-called M# of
the medium. In the next section, we discuss the
actual constraint for both coherent and incoherent
combining.

5. M# for coherent and incoherent combining
Consider a situation where a single holographic
substrate has an average index of n0 , before any
grating is written. The dynamic range of such a
medium is characterized by the so-called modulation depth, deﬁned as the amplitude n0 of a single
sinusoidal variation (e.g., in the x-direction) of this
index. The maximum achievable amplitude of n0 is
denoted n0sat . After a single grating is written, the
index becomes a function of x, and can be written
as
nðxÞ ¼ n0 þ n0 sinðkxÞ; n0 6 n0sat ;

ð40Þ

Id
;
I0

g 6 1;

ð41Þ

where I0 is the input intensity, and Id is the diffracted intensity. The value of g is maximized (at
gm ) when the angle of incidence and the input
wavelength satisfy the Bragg matching condition.
According to the wave-mixing (i.e., non-perturbative) theory of such a grating, the value of gm
(bounded by unity by deﬁnition) varies sinusoidally in the following manner: gm ¼ sin2 ðn0 nkdÞ,
where d is the thickness of the substrate and n is a
constant determined by the orientation of the
grating [13]. This expression can be rewritten as
 0
pn
p
2
gm ¼ sin
;
ð42Þ
; nc 
2nkd
2nc
where nc represents a characteristic scale for the
index modulation amplitude. The diﬀraction eﬃciency reaches the largest possible value – unity –
when the amplitude of the index modulation is an
odd-integer multiple of nc :
gm ¼ 1 when n0 ¼ ð2M þ 1Þnc ;

M ¼ 1; 2; 3; . . .
ð43Þ

This is illustrated in Fig. 5. It is important to note
here that gm does not increase monotonically with
the grating amplitude, n0 .
In a given substrate, the deepest grating that
can be formed is determined by the material parameters. In general, for most material, the maximum achievable density, qm , of the photo-sensitive
ingredient limits the value of n0sat . The parameter
M# can be deﬁned simply as
M# 

p n0sat
:
2 nc

ð44Þ

This deﬁnition is also illustrated in Fig. 5, which
shows the value n0sat indicated by the dotted vertical line. This case corresponds to M# ðp=2Þ
6:75. Thus in general, M# represents the double of
the number of full oscillations achievable on the
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Fig. 5. Schematic illustration of the functional dependence of
the optimal (i.e., Bragg-matched diﬀraction eﬃciency) as a
function of the index modulation amplitude and M# . See text
for details.

generated easily. Instead, one can determine M#
indirectly by writing many weak holograms
[19,20]. Here, we ﬁrst review (for comparison) this
approach, and then oﬀer a new method which is
potentially simpler under certain circumstances.
Consider a situation where N identical gratings
are written in a single substrate. The gratings are
superimposed on one another, but are also orthogonal to one another. The orthogonality means
that if we illuminate the grating at a given ﬁxed
angle and tune the input frequency, only one
grating will diﬀract at a particular frequency. That
is, there will be a unique frequency corresponding
to each grating. Assuming further that each grating is very weak, one can express the diﬀraction
eﬃciency of each grating as gm;0 ðp2 =4Þðn00 =nc Þ2
where n00 is the amplitude of each grating. Let us
now deﬁne
M#used  ðNn0 =nc Þ:

0

gm vs. n =nc curve. According to this deﬁnition, it
follows that the value of M# is linearly proportional to the density q of the photo-sensitive
agent, and the thickness d of the substrate: M# /
qd. In practice, both q and d are limited by
practical considerations, such as the requirement
of volume homogeneity and low scattering, thus
limiting the maximum value of M# for a given type
of material.
In order to illustrate further the meaning of this
deﬁnition, consider for example a situation where
M# ¼ ðp=2ÞN , so that for a single grating one
could achieve n0 ¼ Nnc (yielding a null value of the
diﬀraction eﬃciency if N is even, and a unity value
if N is odd). This would use up all the active
photo-sensitive elements, by deﬁnition. However,
one could choose to write N independent grating
(superimposed, but with orthogonal Bragg conditions), each using only a (1/N)th of the active elements. Therefore, for each grating we would have
n0 ¼ nc , and the diﬀraction eﬃciency of each
grating would be unity. As such, the M# can be
viewed as the maximum number of unity eﬃciency, orthogonal, superimposed gratings one can
write in a single substrate.
The plot shown in Fig. 5 is useful for illustrating
the concept of the M# . However, since it is diﬃcult
to measure n0 directly, such a plot can not be
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ð45Þ

Note that M#used represents the fact that the N
gratings have potentially used up only a part of the
total amount of active elements in the medium:
Nn00 6 n0m . This in turn implies that M#used 6 M# .
The eﬃciency of each grating can now be ex2
pressed as gm;0 ðp2 =4ÞðM#used =N Þ so that
pﬃﬃﬃﬃﬃﬃﬃﬃ
ð46Þ
M#used N ðp=2Þ gm;0 :
More generally, even if the diﬀraction eﬃciency of
each grating is not the same as the others, but is
small, we can show that
M#used

N
pX
pﬃﬃﬃﬃﬃﬃﬃ
gm;i :
2 i¼1

ð47Þ

Experimentally, one can make N very large, so
that the very last grating written has a vanishing
diﬀraction eﬃciency. Under this condition, we get
M#

M#used

N
pX
pﬃﬃﬃﬃﬃﬃﬃ
gm;i :
2 i¼1

ð48Þ

One of the problems with this approach is that
one has to write many holograms on the same
spot, and assume that there is no grating washout.
This assumption may not always be valid. We now
discuss a new approach that does not depend on
this assumption.
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Consider the process of writing a grating, with a
light exposure W. In general, the amplitude of the
resulting grating, n0 , may be modeled to depend on
W in the following manner [26]:
n0 ¼ n0sat ½1  expð  bW Þ;

ð49Þ

where b is a constant determined by the sensitivity
of the medium. This model is based on the physical
picture that the hologram writing in most cases can
be viewed as an optical pumping process whereby
the active elements are transformed from one stable conﬁguration to another stable one. In the limit
of small W b, one can express this relation as
n0

n0sat ðbW  b2 W 2 Þ:

ð50Þ

Normalizing both sides by nc , and using Eq. (44),
we get
n0
nc

M#
ðbW  b2 W 2 Þ:
p=2

ð51Þ

In this limit, one can also approximate the Braggmatched diﬀraction eﬃciency of Eq. (42) by
2
gm ðp2 =4Þðn0 =nc Þ . Combining, we get
gm

M#2 ðb2 W 2  2b3 W 3 Þ:

Consider next the following quantities:
 2 
 3 
o gm
o gm
; S2  lim
:
S1  lim
W !0
W !0
oW 2
oW 3
It is easy to show that b ¼ ðS2 =6S1 Þ and
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18S13
:
M# ¼
S22

ð52Þ

ð53Þ

such that: (i) for a ﬁxed input angle, there is a
unique frequency that will diﬀract eﬃciently from
a given grating, and (ii) the diﬀraction eﬃciency of
each grating is close to unity. In this case, it then
follows immediately that the material must satisfy
the following requirement:
M# P N :

ð55Þ

For the coherent HBC, the gratings are not orthogonal in the same sense as in the section above.
Rather, in this case, the input beam diﬀracts eﬃciently from each of the N gratings simultaneously.
As such, the diﬀraction eﬃciency of each grating
only has to have a maximum value of 1=N , which
is much less than unity for a large N . As shown
above, Eq. (48) still applies, so that the required
constraint is simply
p pﬃﬃﬃﬃ
M# P
N:
ð56Þ
2
Therefore, the requirement of a high M# is substantially relaxed for coherent combining. One can
also call upon reciprocity to see this result. When
used in reverse, this same volume hologram should
take a single coherent input beam and split it
equally into N components, each with 1=N th the
power and thus with an individual diﬀraction efﬁciency of 1=N .

6. Conclusion
ð54Þ

Consider now a situation where we have a large
set of identically prepared substrates (or, equivalently, a large set of areas on a single substrate,
each of which can be used for writing a diﬀerent
grating). We now write a single grating in each
substrate, with increasing duration of exposure,
W, to the writing beams. The diﬀraction eﬃciency
of each of these gratings can be measured experimentally, generating the function gm ðW Þ. The parameters in Eq. (53) can now be determined
directly, which in turn can be used to compute the
M# by using Eq. (54).
As mentioned above, an incoherent 1  N HBC
corresponds to writing N superimposed gratings

We have presented a mathematical model that
reveals the critical parameters for high eﬃciency
beam combining volume holograms for coherent
and incoherent source beams. We have also derived the explicit equations relating read and write
angles for these combiners. In addition, we have
shown that the M# requirement for an N beam
coherent combiner is substantially less than that
needed for an N beam incoherent combiner.
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[24] In general, DkCS must be such that the peak of one channel
coincides with the null of the sinc-like diﬀraction eﬃciency
of neighboring channels (see [13]). The sinc-square-like
nature of the diﬀraction eﬃciency is attributable to the fact
that it is related to the Fourier transform of the index
proﬁle (this is the reason why the Bragg selectivity is
inversely proportional to the thickness). In principle, the
sinc-like behavior can be eliminated by a well-known
process called apodization. In this process, the dye
concentration is rendered smooth, for example, via preexposure to incoherent radiation, so that the concentration
is at a maximum at the center, but vanishes at the two
surfaces. The Fourier transform of this smooth proﬁle is
then another smooth – apodized – proﬁle. In general, it is
necessary to have a DkCS larger than Q times DkFWHM ,
where the value of Q depends on the degree to which one
wants to avoid potential cross talks. For an apodized
medium with a Gaussian proﬁle for diﬀraction eﬃciency,
for example, the degree of cross-talk falls of approximately
as exp(Q2 ), so that a value of Q greater than 2 would
reduce the cross talk to about 1%, and bigger value of Q
can be used for greater suppression. For an unapodized
system, the degree of cross talk falls oﬀ as at least Q2 . The
best suppression is achieved by a more careful choice of Q,
so that the peak of one channel coincides with a null of the
sinc-squared-like diﬀraction eﬃciency of the nearest
channels.
[25] As discussed in detail in [24], the degree of this suppression
is determined by the factor we have called Q, which is the
ratio of DkFWHM and DkCS . (note that DkCS is the diﬀerence
between kR1 and kR2 , and is therefore to be treated as an
input parameter). There are two distinct regimes: (I) Q has
to match or exceed a threshold value, or (II) Q has to have
a precise value. For regime I, this means that DkFWHM has
to be smaller than a threshold value, which in turn means
that the output angle has an allowed range. If the user has
chosen a value for the output angle, than he/she must check
to see if the value is within the allowed range. If not, the
user then either chooses a diﬀerent value of Q, or a diﬀerent
value of the output angle. For regime II, Q has a discreet
value, which in turn means that DkFWHM has to have a
distinct value. This in turn implies that the output angle
has to have a distinct value, making it an output
parameter.
[26] For holographic materials with a recording curve that does
not ﬁt the model used in the paper, one can determine the
necessary derivatives used in Eqs. (52)–(54) by experimentally determining the functional dependence of the recording curve on the exposure intensity and duration.

