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Abstract

We present a mathematical model of coherent and incoherent beam combination in a thick hologram. We also
derive the formulae relating the read and write angles to the read and write wavelengths for the combiner. Furthermore,
we present a new technique for determining the My, and establish that the My required for a coherent combiner is
substantially less than that needed for an incoherent one.
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1. Introduction

Lasers have rapidly found use in many indus-
trial and consumer settings. A majority of the
applications make use of small, reliable, inexpen-
sive diode lasers. The cost of low power lasers has
been drastically reduced, thereby increasing de-
mand and applications. High power lasers, how-
ever, have not experienced the same cost
reduction. Many new applications and improve-
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ments to existing technologies would be possible
with less expensive higher power lasers. One way
to deal with this shortage is to combine multiple
low power diode lasers into a single beam [1-6].
Gratings in a thick hologram [7-10] can be of help
in this regard. In particular, an incoherent holo-
graphic beam combiner (HBC) can be used to
combine the output from many lasers into a singe-
aperture, diffraction-limited beam. The beams can
be combined coherently as well. A coherent HBC
can be used as a multiport splitter/combiner in
architectures where a master oscillator is first split
into many copies, and recombined after amplifi-
cation, for example. A coherent HBC is also a
critical element in a super-parallel holographic

0030-4018/03/$ - see front matter © 2003 Elsevier Science B.V. All rights reserved.

doi:10.1016/S0030-4018(03)01371-3


mail to: jshen@ece.northwestern.edu

76 M.S. Shahriar et al. | Optics Communications 220 (2003) 75-83

optical correlator [11]. The principle behind the
HBC is based on the storage of multiple holo-
graphic gratings in the same spatial location. In-
coherent beam combination is particularly suited
to thick holograms due to the narrow spectral se-
lectivity of the gratings. In order to limit cross talk
between an incident beam and other gratings, a
minimum wavelength separation AZ is required.
Other diffractive beam combiners, such as blazed
gratings can typically achieve a A/ greater than 1.5
nm [1]. In contrast, a thick holographic plate can
easily achieve A4 on the order of 0.05 nm [12]. The
maximum number of lasers that can be combined
for a given application is therefore potentially
much larger.

The paper is organized as follows. In Section 2,
we present an analysis of the coherent HBC via
multi-wave mixing in a thick hologram. Here, we
follow the model used by Kogelnik [13], although
the results presented here represent a non-trivial
extension of this work as well as other analyses of
this type [14-17]. In Section 3, we extend this
analysis to model the incoherent HBC. In Section
4, we formulate explicitly the constraints imposed
on the read and write angles for the situation
where the read and write wavelengths differ. In
Section 5, we establish the values of the so-called
My required for both type of combiners, and
present a new technique for determining the value
of the My [18-21].

2. Coherent beam combination

Fig. 1 illustrates the basic model used in this
analysis. For simplicity we consider first the com-
bination of two read beams incident on a holo-
gram with two gratings. We will then extrapolate
the result for N beams and N gratings. A further
simplification is the assumption that the index of
refraction is the same throughout the system. This
model is used merely to simplify the notation. In
reality the input and output angles would have to
take into account refraction at the entrance and
exit surfaces.

The scalar wave equation for this system can be
written as

V?E(x,z) + KE(x,z) = 0, (1)

Fig. 1. Schematic illustration of the combination of two mu-
tually coherent input beams into a single output beam.

where k is the wavenumber and FE is the electric
field describing all the oscillatory fields at the de-
generate frequency, w. Here, we assume the field to
be TE polarized. An extension to TM or arbitrary
polarization can be made in the same manner as
illustrated in [13]. We also assume that the field
does not vary in the y direction, and express the
field as the sum of the input (R; and R,) and the
output (S) waves

E(x,z) = Ri(2)e 7P + Ry(z)e P* 4 S(z)e 7%, (2)

The wavevectors for each of these beams are as-
sumed to be of the same magnitude

pi=mn=p (3)
o =p. (4)

We also assume Bragg matching for each input
beam

i=p K =p-K, (5)
where K, and K, are the grating vectors.
Using phase matching terms, in the slowly

varying envelope approximation (SVEA) [22], the
wave equation reduces to

OR,

CR] = _iK1S7 (6)
Oz
OR
Cro—— = —iKyS, (7)
Oz
oS

Csf = 7iK1R1 — iKsz,
0z
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where

Cs = cos , (8)
Crj = cos 0, 9)
Kj:%, j=1,2. (10)

Here, n; and n, are the amplitudes of the index
modulations, defined by

n(x,z) = ny + m cosK, X+ mcosk, - % (11)

Using boundary conditions that R,(0) = r, (com-
plex), R,(0) = r, (complex), S(0) = 0, the solutions
to these equations, evaluated at the exit surface,
become

R](d) = KA + K1 CraB - COS(OC()d)7 (12)
Rg(d) = KlA + KQCRlB . COS(OCod), (13)
S(d) = —iC - sin(opd), (14)
where
Crirary — Crokira
A= 15
CRlK% + CRzK% ( )
K17 + K21
B=—-——"°"_ 16
CRIK% + CRZK% (16)
Cr1Cra 12
C= .
(1171 + K212) <CS(CR1K§ T CRZK%)) )
(17)
o = ((Cort + et | (18)
’ CriCraCs '

These equations are formulated in a way such that
the energy flow is conserved in the z-direction [13]

CrilRi|* + Cpa|Ra) = Cs|SI . (19)
The intensity of the diffracted beam is Iy = F|S|*
where the obliquity factor, F, is given by
4B R@)] —|R(d)]

F 2
[S(d)l

(20)

The diffraction efficiency, #, is given by 5=
I3/(r} +r3), where 1 =1 corresponds to the situ-
ation where the intensity of R, and R, fall to zero
at the output, indicating that all of the incident
power has been transferred to the diffracted
beams.

One possible condition for achieving n =1 is
d =mn/20 and
C
n_mx tr (21)
ra Ky Cr
For symmetry, one can then infer that the general
condition for # = 1 with # input beams is

CRl'r17CR2'727CR3'r37 7CRn'rn

(22)

K1 K2 K3 Kn

and

" > -1/2
A
d=7-/Cs chj] (23)

j=1

The results show that it is possible to combine N
mutually coherent beams with 100% efficiency,
provided some constraints are met. The most im-
portant requirement is that all of the input beams be
in phase at the interface. We also note that the in-
dividual index modulation necessary for achieving
100% diffraction for N beams is less than the mod-
ulation necessary to produce 100% diffraction of a
single beam, as illustrated in Section 5. In the next
section we investigate how this requirement differs
for combining mutually incoherent beams [23].

3. Combining mutually incoherent beams

Fig. 2 illustrates the case for combining mutu-
ally incoherent beams. The equations here are
considerably simpler, so that we can deal with the
N beams explicitly. As before, we begin with the
wave equation

V?E(x,z) + K*E(x,z) = 0, (24)

E(x,z) = EN: (Rj(z)e’iﬁf"? + Sj(z)e’i‘?f"?). (25)

j=1

We assume Bragg matching for each beam, so that
G =6,=--=06=08 p,=c=F, and 7=
p;, — K. In general, the wave mixing equations are
not mutually independent. This can be seen easily
by considering the following physical situation.
Consider, for example, the diffraction of input
beam R;. It scatters off grating K;, producing an
output beam in the direction of the bold arrow. As
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Fig. 2. Schematic illustration of the combination of N mutually
incoherent input beams into a single output beam.

soon as this beam acquires a non-vanishing am-
plitude, it will then diffract off gratings K,, K, ...,
Ky, producing additional beams in the direction
parallel to beams R,, R3, ..., Ry, respectively. This
difficulty can be solved by requiring that each
beam differs in wavelength from its neighbors by at
least an amount Alcs big enough to suppress this
undesired coupling. In order to determine the
minimum value of the channel spacing, Alcs, we
recall from Kogelnik [13] that the full-width half-
maximum (FWHM) wavelength selectivity of
transmission holograms is given by

Alpwnm =~ Cot(0) x (A/d) * 4, (26)

where 0 is the Bragg angle, A is the grating peri-
odicity, d is the sample thickness, and 4 is the read
wavelength. (This equation is true for the case
where the input and output beams are symmetric.
In Fig. 2, this applies strictly to beam 1 only;
however, if the other beams are close to this beam,
then the deviation from this result is negligible.)
Consider, for example, the case where the first
grating is written at +30°, using a 514 nm source.
The value of Adrpwnm for a read wavelength of 980
nm, for example, is then 0.05 nm for d = 2 mm. In
the rest of this discussion, we assume that
Adcs > Adpwam [24].

As such, we can now assume that the wave
equations are mutually independent, so that for
each input beam (j=1,2,...,N) we can write
Cr;0R;/0z = —ix;S;, Cs0S;/0z = —ix;R; where

Crj = cos 0, (27)
Cs = cos Q, (28)
nn;
2 7’ (29)
N —
n(x,z) :n0+2nj-cosKj-J_c', (30)
J=1
Using the boundary conditions R;(0) =7,

S;(0) = 0 we determine the amplitudes of the fields
at the output

R;(d) =r;cos ocjd (31)

&‘

-sin(o (32)

= —lr/

EARY CRJ (33)

The 1nten31ty in the jth diffracted beam is Idj

F|S;-(d )|* where the obliquity factor F;, is given

by

- R | cs
1S;(d)* Crj

(34)

=

The dlffractlon efficiency, n,, is given by n;, =
Id/|r,| =sin’ (#;-d) The total diffraction effi-
ciency is given by

=3h

The condition for achieving a 100% efficient beam
combination is n =N which requires n; =1 for
each j. This means we must have a; = (n/2) (1/d)
for each j, which in turn requires

=

(35)

2

2 2
Kj _TC 'CS

Cpy  4d

(36)

The value of Cs is determined from the Bragg
matching condition

1

~.
Ny

Cs = cos(0;) — (37)

ﬂ ?
which, by construction, is the same for each j. The
condition for 100% diffraction efficiency for N
beams is therefore the same as that for 100% dif-
fraction efficiency for each beam individually.
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4. Differing write and read wavelengths

Many holographic materials, though efficient in
reading at many wavelengths, are particularly
sensitive to a narrow band of wavelengths during
writing. Therefore one may need to write and read
holograms at different wavelengths. The following
parameters are assumed to be given as inputs: the
values of the read wavelengths Az, and Az, the
write wavelength Aw, the mean index of the holo-
graphic substrate, the thickness thereof, and the
amplitude of the index modulation for each grat-
ing. The equations are used to determine the fol-
lowing output parameters: the angles Ow; and Oy,
(for both reference and object beams) used for
writing the holograms, and the angles at which the
lasers at Az and A, have to be applied to the beam
combiner (i.e., the Bragg angles). The desired
output angle 05 of the combined beam can be
treated as a given input or as an output to be de-
termined depending on the desired degree of cross-
talk suppression. This is because the value of
Arwam depends on this angle, in addition to other
parameters that are assumed to be given [13,25]. In
the following discussion we show the relationship
between the write angles and read angles when
different wavelength lasers are employed for each
step.

Fig. 3 illustrates the basic writing geometry.
Consider the process for writing the first grating,
using beams W, (reference) and W, (object) with
laser beams of wavelength Ay (e.g. 514.5 nm). We
choose the first read wavelength 1z, (e.g. 980 nm)
and the desired angle of diffraction 0s. These two
choices plus the chosen writing wavelength will
determine the first two writing angles Oy, and Oys;.
If read by a laser beam also at Ay, the read beam
will diffract efficiently only if it is Bragg matched,
i.e., incident at the same angle as W,, and will
produce a diffracted beam on the other side par-
allel to the reference beam W;. When read by laser
beam O at Az the Bragg incidence angle as well as
the diffracted angle Oy is larger.

Consider next the process for writing the second
grating, using a new pair of beams with Ay (W]
and W, from Fig. 3). Our goal is to choose the
incident angles for these two beams such that when
this hologram is read by a laser beam O, at the

Writing Geometry

Holographic Substrate
—. grap!

Fig. 3. Schematic illustration of the geometry for writing two
holograms at 514.5 nm. The angles of the writing beams are
chosen to ensure that when the holograms are read by lasers at
980 nm, the output beams overlap.

second read wavelength of Az, the diffracted beam
will emerge at the same angle 0s. We choose the
angular distance between the first and the second
read beams o (see Fig. 4), as well as the wavelength
of the second read beam, O,. These constraints
yield a new pair of writing angles, 6, and 0y, for
the beams W, and W), respectively, in Fig. 3.
Explicit analysis shows that these two angles are
given by

0, TS| . . 1| MR )vw
w1 = Sin nw - S1n § Sin —

nw IR
sin (és...+5/2)} 5/2}], (38)

Oy, = sin”' [nw -sin { sin”! U—:v : i\:
sin (és... +5/2)} +5/2H, (39)

where we have defined

~ . _1 ( sin Og
0y = sin
NnR ’

5 sin”! sin (05 +0) '\ sin~! sin O
o nR NnRr ’

0 = bo; — Oo(j1)

nw = index at the writing wavelength,

ng = index at reading wavelength,
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Reading Geometry

Holographic Substrate
8=00;-6g,

0, =0,

8

Output

Fig. 4. Illustration of the geometry for reading the two holo-
grams, the first one (O;) at 980 nm and the second (O,) at 980
nm + AA. Both beams will be diffracted at the same exit angle,
gs.

Aw = the writing wavelength,
Ar = the reading wavelength.

We point out that these equations take into ac-
count the effect of holographic magnification when
the read wavelength is longer than the writing
wavelength and the effect of potentially different
indices of refraction at the read and write wave-
lengths.

One of the key issues for an HBC is the maxi-
mum number of beams that can be combined ef-
ficiently. This is determined by the so-called My of
the medium. In the next section, we discuss the
actual constraint for both coherent and incoherent
combining.

5. My for coherent and incoherent combining

Consider a situation where a single holographic
substrate has an average index of ngy, before any
grating is written. The dynamic range of such a
medium is characterized by the so-called modula-
tion depth, defined as the amplitude »’ of a single
sinusoidal variation (e.g., in the x-direction) of this
index. The maximum achievable amplitude of ' is
denoted nl,,. After a single grating is written, the
index becomes a function of x, and can be written
as
n(x) = ng + n' sin(kx); n’ < n! (40)

~ sat?

where k represents the wavenumber of the grating.
When this grating is illuminated by a laser beam of
wavelength 4, the diffraction efficiency (ignoring
Fresnel reflection, which can be eliminated by anti-
reflection coating, for example, or can be taken
into account in the definition) is defined to be

Iy
Iy’
where [ is the input intensity, and I is the dif-
fracted intensity. The value of # is maximized (at
n,) when the angle of incidence and the input
wavelength satisfy the Bragg matching condition.
According to the wave-mixing (i.e., non-pertur-
bative) theory of such a grating, the value of 7,
(bounded by unity by definition) varies sinusoi-
dally in the following manner: #,, = sin’® (n'éAd),
where d is the thickness of the substrate and ¢ is a
constant determined by the orientation of the
grating [13]. This expression can be rewritten as

a4 _om
n,, = sin <2nc), nC_Zﬁid’ (42)
where n. represents a characteristic scale for the
index modulation amplitude. The diffraction effi-
ciency reaches the largest possible value — unity —
when the amplitude of the index modulation is an
odd-integer multiple of n:

= <1, 41
n n

n,=1whenn'=0Q2M+ 1)n,, M=12,3,...

(43)

This is illustrated in Fig. 5. It is important to note
here that #,, does not increase monotonically with
the grating amplitude, »’.

In a given substrate, the deepest grating that
can be formed is determined by the material pa-
rameters. In general, for most material, the maxi-
mum achievable density, p,,, of the photo-sensitive
ingredient limits the value of nl,,. The parameter
My can be defined simply as

_nn

My = =2, 44

) e (44)
This definition is also illustrated in Fig. 5, which
shows the value nl, indicated by the dotted ver-
tical line. This case corresponds to My =~ (n/2)
6.75. Thus in general, My represents the double of

the number of full oscillations achievable on the



M.S. Shahriar et al. | Optics Communications 220 (2003) 75-83 81

0.8 /\ /\ \J : ff ::
\ I A

06
0.4 S -
0.2 | I : :
I ".

\ \/ Vo

0 2 4 6 8 10 7,

’ — T
w,~675n  Mz=675%

Fig. 5. Schematic illustration of the functional dependence of
the optimal (i.e., Bragg-matched diffraction efficiency) as a
function of the index modulation amplitude and My. See text
for details.

1,, Vs. n'/n. curve. According to this definition, it
follows that the value of My is linearly propor-
tional to the density p of the photo-sensitive
agent, and the thickness d of the substrate: My
pd. In practice, both p and d are limited by
practical considerations, such as the requirement
of volume homogeneity and low scattering, thus
limiting the maximum value of My for a given type
of material.

In order to illustrate further the meaning of this
definition, consider for example a situation where
My = (n/2)N, so that for a single grating one
could achieve ' = Nn, (yielding a null value of the
diffraction efficiency if N is even, and a unity value
if N is odd). This would use up all the active
photo-sensitive elements, by definition. However,
one could choose to write N independent grating
(superimposed, but with orthogonal Bragg condi-
tions), each using only a (1/N)th of the active ele-
ments. Therefore, for each grating we would have
n' =n., and the diffraction efficiency of each
grating would be unity. As such, the My can be
viewed as the maximum number of unity effi-
ciency, orthogonal, superimposed gratings one can
write in a single substrate.

The plot shown in Fig. 5 is useful for illustrating
the concept of the M. However, since it is difficult
to measure »n' directly, such a plot can not be

generated easily. Instead, one can determine My
indirectly by writing many weak holograms
[19,20]. Here, we first review (for comparison) this
approach, and then offer a new method which is
potentially simpler under certain circumstances.

Consider a situation where N identical gratings
are written in a single substrate. The gratings are
superimposed on one another, but are also or-
thogonal to one another. The orthogonality means
that if we illuminate the grating at a given fixed
angle and tune the input frequency, only one
grating will diffract at a particular frequency. That
is, there will be a unique frequency corresponding
to each grating. Assuming further that each grat-
ing is very weak, one can express the diffraction
efficiency of each grating as n,,, ~ (12/4)(n})/n.)’
where n; is the amplitude of each grating. Let us
now define

M#used = (Nl’l,/l’lc). (45)

Note that Myueq represents the fact that the N
gratings have potentially used up only a part of the
total amount of active elements in the medium:
Nny <n),. This in turn implies that Muyeqd < My.
The efficiency of each grating can now be ex-
pressed as 1,, = (1?/4)(Musea/N)* so that

M#used ~ N * (T[/2> vV 77m,0- (46)

More generally, even if the diffraction efficiency of
each grating is not the same as the others, but is
small, we can show that

N
T
M#used ~ E Z vV nm,i' (47)
i=1

Experimentally, one can make N very large, so
that the very last grating written has a vanishing
diffraction efficiency. Under this condition, we get

N
T
M# ~ M#used ~ 5 § vV nm,i' (48)
i=1

One of the problems with this approach is that
one has to write many holograms on the same
spot, and assume that there is no grating washout.
This assumption may not always be valid. We now
discuss a new approach that does not depend on
this assumption.
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Consider the process of writing a grating, with a
light exposure W. In general, the amplitude of the
resulting grating, »’, may be modeled to depend on
W in the following manner [26]:

sal[l - CXp( - ﬁW)]v (49)

n=n

where f is a constant determined by the sensitivity
of the medium. This model is based on the physical
picture that the hologram writing in most cases can
be viewed as an optical pumping process whereby
the active elements are transformed from one sta-
ble configuration to another stable one. In the limit
of small 3, one can express this relation as

n' = (BW — BW?). (50)

Normalizing both sides by n., and using Eq. (44),
we get

n' My 21772

—r——(pW — "W). 51
) (s1)
In this limit, one can also approximate the Bragg-
matched diffraction efficiency of Eq. (42) by
Ny ~ (12/4)(n' /ne)*. Combining, we get

M = MG (B*W> = 25°W7). (52)

Consider next the following quantities:

_ . (%, _ . (P,
S‘_gﬁil})(aWZ)’ SZ_J#%(@W)‘ (53)

It is easy to show that § = —(S,/6S)) and

/1853
M# = SZI' (54)
2

Consider now a situation where we have a large
set of identically prepared substrates (or, equiva-
lently, a large set of areas on a single substrate,
each of which can be used for writing a different
grating). We now write a single grating in each
substrate, with increasing duration of exposure,
W, to the writing beams. The diffraction efficiency
of each of these gratings can be measured experi-
mentally, generating the function #,,(%). The pa-
rameters in Eq. (53) can now be determined
directly, which in turn can be used to compute the
My by using Eq. (54).

As mentioned above, an incoherent 1 x N HBC
corresponds to writing N superimposed gratings

such that: (i) for a fixed input angle, there is a
unique frequency that will diffract efficiently from
a given grating, and (ii) the diffraction efficiency of
each grating is close to unity. In this case, it then
follows immediately that the material must satisfy
the following requirement:

My > N. (55)

For the coherent HBC, the gratings are not or-
thogonal in the same sense as in the section above.
Rather, in this case, the input beam diffracts effi-
ciently from each of the N gratings simultancously.
As such, the diffraction efficiency of each grating
only has to have a maximum value of 1/N, which
is much less than unity for a large N. As shown
above, Eq. (48) still applies, so that the required
constraint is simply

My > SVN. (56)

Therefore, the requirement of a high My is sub-
stantially relaxed for coherent combining. One can
also call upon reciprocity to see this result. When
used in reverse, this same volume hologram should
take a single coherent input beam and split it
equally into N components, each with 1/Nth the
power and thus with an individual diffraction ef-
ficiency of 1/N.

6. Conclusion

We have presented a mathematical model that
reveals the critical parameters for high efficiency
beam combining volume holograms for coherent
and incoherent source beams. We have also de-
rived the explicit equations relating read and write
angles for these combiners. In addition, we have
shown that the My requirement for an N beam
coherent combiner is substantially less than that
needed for an N beam incoherent combiner.
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[23] Absorption at the readout wavelength has not been
considered here or in Section 3, and could potentially be
an important issue. The current analysis is valid for many
of the materials that are currently used for writing thick
holograms, provided that the users restrict the sample
thickness so that absorption remains negligible.

[24] In general, AAcs must be such that the peak of one channel
coincides with the null of the sinc-like diffraction efficiency
of neighboring channels (see [13]). The sinc-square-like
nature of the diffraction efficiency is attributable to the fact
that it is related to the Fourier transform of the index
profile (this is the reason why the Bragg selectivity is
inversely proportional to the thickness). In principle, the
sinc-like behavior can be eliminated by a well-known
process called apodization. In this process, the dye
concentration is rendered smooth, for example, via pre-
exposure to incoherent radiation, so that the concentration
is at a maximum at the center, but vanishes at the two
surfaces. The Fourier transform of this smooth profile is
then another smooth — apodized — profile. In general, it is
necessary to have a Alcs larger than Q times AArwnm,
where the value of Q depends on the degree to which one
wants to avoid potential cross talks. For an apodized
medium with a Gaussian profile for diffraction efficiency,
for example, the degree of cross-talk falls of approximately
as exp(—0?), so that a value of Q greater than 2 would
reduce the cross talk to about 1%, and bigger value of O
can be used for greater suppression. For an unapodized
system, the degree of cross talk falls off as at least 0~2. The
best suppression is achieved by a more careful choice of Q,
so that the peak of one channel coincides with a null of the
sinc-squared-like diffraction efficiency of the nearest
channels.

[25] As discussed in detail in [24], the degree of this suppression

is determined by the factor we have called Q, which is the

ratio of Algpwnm and Adcs. (note that Alcs is the difference
between Az, and A, and is therefore to be treated as an
input parameter). There are two distinct regimes: (I) Q has
to match or exceed a threshold value, or (I) O has to have
a precise value. For regime I, this means that Algwywm has
to be smaller than a threshold value, which in turn means
that the output angle has an allowed range. If the user has
chosen a value for the output angle, than he/she must check
to see if the value is within the allowed range. If not, the
user then either chooses a different value of Q, or a different
value of the output angle. For regime 1, O has a discreet

value, which in turn means that Aldpwum has to have a

distinct value. This in turn implies that the output angle

has to have a distinct value, making it an output
parameter.

For holographic materials with a recording curve that does

not fit the model used in the paper, one can determine the

necessary derivatives used in Eqs. (52)—(54) by experimen-
tally determining the functional dependence of the record-
ing curve on the exposure intensity and duration.
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