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We show that an intra-cavity medium with dispersion modifies the sensitivity of the cavity resonance
frequency to a change in its length by a factor inversely proportional to the group index, ng, in the med-
ium. For a positive group index characteristic of the slow-light media, with a very large value of ng, this
effect can help in constructing highly frequency-stable cavities for various potential applications without

taking additional measures for mechanical stability. For a negative group index characteristic of the fast-
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light media, with ng close to a null value, this implies enhancement in sensitivity to change in cavity
length. This enhancement in turn can be employed to increase the sensitivity of a ring laser gyroscope.

© 2008 Elsevier B.V. All rights reserved.

Optical cavities are used in applications such as optical gyro-
scopes, laser frequency stabilization, cavity ring-down spectros-
copy, and quantum information processing [1-4]. The response
of a cavity can be significantly modified by using a dispersive in-
tra-cavity medium. In a recent study [5] we discussed a cavity-
based optical gyroscope containing a negative dispersive medium,
where the shift in the cavity resonance frequency due to a rotation
varies inversely as the group index, ng. Our analysis in Ref. [5] is
based on a relativistic formulation of the Sagnac effect, and does
not contradict any existing theoretical and experimental result.
For example, if a gyroscope is configured as a Sagnac interferome-
ter, it has been shown theoretically [6-9] and verified experimen-
tally [7,9] that the rotation sensitivity does not depend on the
index, nor the dispersion, of the medium. Our analysis in Ref. [5]
also confirms this conclusion. This effect can be understood in
many different ways, including the invocation of the concept of
Fresnel drag [5,6,8,10]. An even more subtle effect occurs when
the gyroscope rotates while the medium remains stationary. Under
this condition, the Fresnel drag is modified, and is called the Laub
drag. Under this scenario, the rotation sensitivity does indeed de-
pend on the dispersion, and is enhanced for positive dispersion
(ng>1), as shown in Ref. [11]. This conclusion is also confirmed
by our analysis in Ref. [5]. Of course, this scenario is not very useful
for rotation sensing, and is merely of intellectual curiosity.

On the other hand, the situation is quite different when a gyro-
scope is configured as a resonator, either passive [12] or active
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[13]. In this case, the rotation sensitivity does indeed depend on
the index of the medium, as discussed in detail in Ref. [7]. The rea-
son for this distinction is not difficult to see. In the case of an inter-
ferometric configuration, the optical field moving in one direction
interferes with the optical field moving in the opposite direction.
The form of the Fresnel drag (which results directly from the rela-
tivistic addition of velocities) is such that any dependence on the
index of the medium cancels out. On the other hand, for a resona-
tor version of the Sagnac gyroscope, optical field moving in one
direction interferes with multiple iterations of itself, and this can-
cellation does not occur. Hence, the dependence on the index sur-
vives. In our analysis in Ref. [5], we confirm this conclusion, and
take it one step further by studying how the sensitivity depends
not only on the mean value of the index, but its variation with fre-
quency (i.e., dispersion). Specifically, as stated above, we find that
the sensitivity scales as the inverse of the group index.

In particular, we showed that the sensitivity of the gyroscope is
enhanced when the group index approaches a null value, a condi-
tion known as the critically anomalous dispersion (CAD). The
apparent divergence of the sensitivity as the group index reaches
the null value is avoided by the fact that the dispersion is linear
over a finite range. In Ref. [5], we have also shown that the
enhancement in rotational sensitivity is equivalent to a corre-
sponding increase in displacement-measurement-sensitivity for
a cavity containing a negative dispersive medium. Furthermore,
while the enhancement occurs for negative dispersion, the process
is a manifestation of the general property that the sensitivity (for
both rotation and displacement measurement) varies as the in-
verse of the group index of the intra-cavity medium. Therefore,
the general principle behind this enhancement can be tested with
any dispersion, positive or negative.
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We have recently demonstrated a cavity with an intra-cavity
medium near the CAD condition, in the context of studying the
so-called white light interferometer [14]. In principle, this system
could also be used to demonstrate directly the enhancement in dis-
placement-measurement-sensitivity. However, as shown in detail
in Ref. [5], the enhancement near the CAD condition becomes very
large, so that the effect would be evident only for a very small
change in the cavity length, since the negative dispersion is present
only over a limited range. This is not a concern regarding the utility
of this process, since the enhancement in sensitivity is only useful
when measuring very small rates of rotation. Nonetheless, this fact
poses significant experimental constraints in demonstrating the
enhancement directly. As discussed later on in this paper, in order
to see the enhancement effect with the type of apparatus reported
in Ref. [14], it would be necessary to reduce the empty cavity line-
width by more than three orders of magnitude (from 3 MHz down
to about 1 kHz). Achieving such a linewidth requires the use of
very high reflectivity mirrors, a monolithic base made of Zerodur
material, for example, and a very high degree of vibration isolation.
Furthermore, the Ti:Sapphire laser used for the experiment has to
be stabilized to a linewidth of less than 1 kHz. Alternatively (as dis-
cussed in Ref. [5] as well as later on in this paper), one could use an
active ring laser cavity augmented with the negative dispersion
material to demonstrate this effect. In our laboratory, we are cur-
rently pursuing both of these very arduous approaches.

While this effort is underway, here we report an experiment
that confirms the essential aspect of this enhanced sensitivity, by
demonstrating that the displacement-measurement-sensitivity
varies inversely as the group-index of the intra-cavity medium.
The experiment is performed using a steep dispersion produced
via electromagnetically induced transparency (EIT) [15]. The effect
of dispersion on the cavity response has been studied earlier. In
particular, it has been shown that the cavity linewidth gets nar-
rowed under positive dispersion [16-19]. Furthermore, Ref. [19]
has reported the effect of the medium dispersion on the cavity sen-
sitivity. However, it does not show that the displacement-mea-
surement-sensitivity varies as the inverse of the group index,
thereby failing to realize that the sensitivity can be increased con-
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siderably by using a negative dispersion medium where the group
index can have a null value over some spectral range.

As mentioned above, the key purpose of this experiment is to
establish indirectly the validity of the enhancement in sensitivity
under the CAD condition. However, the reduced-sensitivity demon-
strated here may find applications of its own. For example, the
insensitivity achieved by a large group index may be used in form-
ing highly stable cavities. Such cavities may find applications in la-
ser frequency stabilization, producing squeezed light for
gravitational wave interferometers [20], and in other applications
that rely on narrow linewidth, low loss optical cavities immune to
external perturbations.

In our experiment, a 10 cm long rubidium vapor cell is used in-
side a 100 cm long, four-mirror ring cavity as shown in Fig. 1a. The
windows of the cell are anti-reflection coated. The empty cavity fi-
nesse and linewidth are close to 100 and 3 MHz, respectively. One
mirror is attached to a piezoelectric transducer (PZT) used in
adjusting the cavity length. The A-system is realized in the D, lines
of 8°Rb vapor as shown in Fig. 1b. The probe and the pump are ob-
tained from a Ti:Sapphire laser. The probe is aligned to resonate in
the cavity and is combined with a co-propagating, orthogonally-
polarized pump using an intra-cavity polarizing beam splitter
(PBS). A second intra-cavity PBS separates the pump from the
probe before detection. The probe frequency is scanned using an
acousto-optic modulator (AOM) in a double-pass configuration. A
flipper mirror was used in the cavity beam path to interrupt the
cavity resonance, in order to monitor, when necessary, the probe
field under the EIT condition. First, the probe frequency wy is set
to satisfy the two-photon resonance condition. The cavity is then
made resonant at this frequency by adjusting its length L. The cav-
ity length is now actively held fixed at this value by using the cav-
ity output produced by a resonating lock beam, with its frequency
set at multiples of the free spectral range (FSR) away from the
probe frequency.

The linewidth of the cavity containing the vapor cell, in the ab-
sence of EIT, is measured to be about 8 MHz. This is nearly three
times broader than the empty cavity linewidth. This broadening
is attributable primarily to the absorption by the vapor. The effect
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Fig. 1. (a) Schematic of experimental set-up, (b) two-photon transitions used in °Rb D, line for EIT.
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of dispersion is observed by switching the pump on. The EIT-af-
fected cavity linewidth (~1.5 MHz) is narrower by a factor of
nearly five than the cavity linewidth without dispersion (Fig. 2a).
This is also narrower than the empty cavity linewidth (3 MHz),
as expected [5]. Similar narrowing has also been observed in earlier
experiments [15,17,19]. For a medium of length ¢, the narrowing
can be predicted from the dispersion-induced change of phase
op=(0 @low)-éw for a deviation s« away from the resonant fre-
quency g, with the phase expressed as o= (L /)
¢+ w-n(w)-6¢/c. The modified cavity linewidth éwj , can be written
as [18]:

o= (o () o [l [+ -]

d
ng51+w-ﬁaw

, p=et (1)

W=,

where dw+; is the empty cavity linewidth, ng is the group index, R is
the reflectivity of each of the beam-splitters, and « is the loss coef-
ficient. If dispersion is negligible (i.e., ng = 1), then the linewidth is
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Fig. 2. (a) Experimental results showing linewidth narrowing and reduced shift in
cavity resonance for Afp = —2.5, 0 and 4 MHz, respectively (b) theoretical model for
cavity response (cavity linewidth =8 MHz, EIT Linewidth=1MHz, L/¢=10 and
ng ~ 50). In the figures, the horizontal axis represents the frequency in MHz and the
vertical axis represents the cavity transmission in arbitrary units.

broadened due to the loss induced attenuation. To see the effect
of dispersion, consider first the simplest case of L=/, for which
the narrowing is inversely proportional to the group index ng. When
¢ <L, the behavior of the broadening is qualitatively the same, ex-
cept that the value of ng needed to achieve the same degree of nar-
rowing is larger by a factor close to (L/¢). Note that narrowing occurs
for any positive dispersion: ng > 1. It can also occur for negative dis-
persion under certain conditions. For L = ¢, the necessary condition
is that the negative dispersion has to be steep enough so that
ng<(—1). For ¢ <L, the negative dispersion has to be steeper yet, so
that ng<(1 — 2L/¢). Fig. 2b shows a simulation illustrating the nar-
rowing, obtained by using an analytic expression [5,21] for
n(w)(= /1 + Re[y]) and o(=[ ow?/k*]Im[x]), where y is the suscep-
tibility. A close match to the observed broadening is obtained for
the estimated values of the experimental parameters.

Next, we describe the effect of the cavity length variation on its
resonance frequency. Fig. 2a shows the shift in the center of cavity
resonance both in the presence and in the absence of the medium
dispersion, as L is changed. L is reduced (increased) by simply red-
(blue-) detuning the lock frequency w. away from its original va-
lue. In the absence of dispersion, the center of cavity resonance
gets shifted by Aw = w, — wo. However, in the presence of disper-
sion, the center of cavity resonance is shifted by a smaller amount
Ao from . The magnitude of this shift is a measure of the cavity
sensitivity to its length change. This is quantified by calculating the
change in the resonance frequency for a given AL, using the reso-
nance condition w =2nNc/(n(w)L), (where N is a large integer
O(L/2)), and is given by

Awy = Awo/[1 + (ng = 1) - (¢/L)] @)

where Awg and Awy, are the shifts in the resonance frequency for
the empty cavity and the loaded cavity, respectively. The frequency
shift, similar to the narrowing, is inversely proportional to ng, and
this effect is also scaled nearly by (L/¢). This effect is related to fre-
quency-pulling described theoretically in earlier Refs. [16,18].

Fig. 3 shows a sequence of such results when the resonance fre-
quency of the cavity is gradually changed from wg. Two effects are
observed. First, the peak amplitude of the transmitted signal for
the loaded-cavity resonance is reduced with increasing Awg (or
AL). This is because at the new resonance frequency, the probe
now does not satisfy the two-photon resonance condition for EIT.
In particular, if the shift Awj (corresponding to a given Awy) ex-
ceeds the EIT linewidth, the signal level corresponding to maxi-
mum probe transmission for the loaded-cavity resonance is
reduced. Second, for increasing Awy, the reduced shift Awj is no
longer determined strictly by the expression in Eq. (2). This is be-
cause Eq. (2) assumes the variation of the index to be linear. In
practice, the linearity assumption fails to hold once Aw, becomes
comparable to the EIT linewidth (~1 MHz). A more general expres-
sion for the reduced shift Awj, can be obtained by going beyond
this assumption. It can be found by solving the following self-con-
sistent equations for Awy:

Ay
Ay = ;
o714+ [Ngeff (Agy) — 1]%

n(wy) — n(w
Ng et (Aw) = 1+ 0 {w}
0

n(wo + Awp) — 1
=1+ (w +Aw’){—,°}
0 0 Awy,

3)

To understand this expression, consider first the simple case where
L = ¢. The linewidth reduction factor is then given by the inverse of
the effective value of the group index, which is determined by the
difference of the index value at the frequency wyj corresponding
to the shifted loaded-cavity resonance, and the index value (=1)
at the central frequency wq. For ¢<L, a larger value of n,, eff is
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Fig. 3. Cavity resonances with (narrow) and without (broad) the effect of the intra-cavity medium dispersion. The inset in the figure shows measured frequency shifts
corresponding to the peaks of resonances, illustrating reduced sensitivity to length change. The straight line superimposed on the data represents the fit to Eq. (2).

needed to get the same effect, just as explained in the case of Eq. (2).
An exact solution of this equation can be found graphically by find-
ing the point of intersection between the following pair of equa-
tions plotted as a function of x(= Awy)

Y =Aw0/[1+ (o +X)[(N(o +X) = 1)/X] - (¢/L)]; ¥y =x (4)

The linewidth at the shifted resonance is still given by Eq. (1), ex-
cept that ng is replaced by the local group index at wy, defined as
Ngiocal = 1 + @, (0n/0w)|,, [5]. The inset in Fig. 3 shows experimen-
tally measured values of the reduced shift Awy as a function of Awy.
Here, the range of Ay is chosen such that Awy is restricted to with-
in the EIT linewidth. The slope of the linear fitting shows sensitivity
reduction in agreement with the theoretically expected reduction
factor, S, defined as S=1+(ng—1)-(¢/L)~ 5. Experimentally, it
should be possible to achieve a much larger value of S via optimiza-
tion of the experimental parameters such as (¢/L) and n.

A cavity of this type has been proposed for frequency dependent
squeeze-amplitude attenuation and squeeze-angle rotation for
gravitational wave detection (GWD) [20]. In Ref. [20], it has been
pointed out that such a cavity has significant advantages over other
techniques due to the narrowness and tunability of the linewidth,
coupled with low optical losses. The results here point out an addi-
tional advantage of this filter in that it is highly insensitive to fluc-
tuations in the position of the cavity mirrors.

While the results presented here is for positive dispersion only,
the theoretical model is valid for negative dispersion as well. We
already described above the conditions under which negative dis-
persion also causes linewidth narrowing and reduced sensitivity.
However, there is a range of negative dispersion for which the ef-
fect is reversed. For simplicity, let us restrict the discussion to the
case where ¢ = L. In that case, if the dispersion is such that |ng| <1,
the linewidth is broadened, and the sensitivity is enhanced. The ef-
fect is most pronounced at the CAD condition where ng = 0. As can

be seen from Eq. (1), the width of the cavity resonance becomes
infinite in this case. Similarly, as can be seen from Eq. (2), the sen-
sitivity enhancement also becomes infinite. The divergence is a re-
sult of the assumption that the index variation is linear around wg
for all frequencies. Once the true behavior of the index variation is
taken into account, it can be shown that the cavity linewidth is
large but finite [5]. Similarly the sensitivity enhancement is also
large but finite [5]. The enhanced bandwidth under this condition
has been proposed for constructing the so-called white-light-cav-
ity (WLC) [22,23], which can be useful for enhancing the sensitiv-
ity-bandwidth product for GWD, for example. The WLC effect has
been demonstrated using a whispering gallery mode cavity [24].
However, this device is unsuitable for application to GWD [14].
We have demonstrated [14] a version of the WLC that is suited
for GWD, using a variation of the experiment we have described
above. Specifically, we used a dual-peaked Raman [25] gain to real-
ize the negative dispersion necessary for this demonstration.

The enhanced sensitivity under the CAD condition may be used
to increase the signal for a given rotation rate (i.e., enhanced sen-
sitivity) in a ring resonator gyroscope. This is because the effect
of rotation can be shown to be equivalent to a change in the cavity
length, as shown in Ref. [5]. However, for a passive resonator, this
does not lead to an actual enhancement in the capability of a rota-
tion sensor, which is characterized by the minimum measurable
rotation rate. This results from the fact that while the signal level
is enhanced, the linewidth broadening compensates for it, so that
there is no net improvement in the sensitivity. However, as we
have discussed in detail in Ref. [5], this is not the case if an active
resonator (i.e., a ring laser gyroscope: RLG) is used. To see why,
note that for an RLG, the linewidth depends only on the cavity de-
cay time [26], which is unaffected by the CAD condition [22,23,26].
Thus, in order to demonstrate fully that the CAD condition can be
used for ultra-precise rotation sensing, it is necessary to realize an
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RLG with a built-in CAD medium. This is a difficult challenge, and
efforts are underway in our laboratory to realize such a device, as
mentioned earlier.

While a passive cavity cannot be used to improve the perfor-
mance of a rotation sensor, it should nonetheless be possible to
use it to establish the idea that the CAD condition leads to an
enhancement in sensitivity. Thus, one might expect that the exper-
imental apparatus used by us to observe the WLC effect under the
CAD condition in Ref. [14] could easily be used to demonstrate this
enhancement. However, there are some significant difficulties in
doing so, for the following reasons. The enhancement factor is
non-linear: it decreases with increasing values of the empty cavity
frequency shift, Awg (corresponding to AL, or equivalently, a rota-
tion rate) [5]. Furthermore, in order for the enhancement to be evi-
dent, the value of the loaded-cavity frequency shift, Aw, (i.e., the
enhanced shift) must be less than the dispersion bandwidth. Thus,
for the limited dispersion bandwidth realized in Ref. [14], one must
use a very small value of AL in order to observe an enhancement.
This in turn requires a resonator with a linewidth as narrow as
1 KHz, which is more than three orders of magnitude smaller than
the linewidth (~3 MHz) of the cavity used in Ref. [6]. In order to
achieve such a linewidth, mirrors with much higher reflectivities
have to be used, the base of the resonator has to be constructed
with temperature insensitive material such as Zerodur, and high
degree of vibration isolation has to be employed. Furthermore,
the Ti:Sapphire laser used for the experiment has to be stabilized
further using the so-called Pound-Drever-Hall technique [27], to
produce a linewidth of less than 1 KHz. The required modifications
are non-trivial, and efforts are underway in our laboratory to
implement these changes to the apparatus.

Acknowledgements

This work was supported in part by the Hewlett-Packard Co.
through DARPA and the Air Force Office of Scientific Research un-

der AFOSR Contract No. FA9550-05-C-0017, and by AFOSR Grant
No. FA9550-04-1-0189.

References

[1] S. Ezekiel, S.R. Balsamo, Appl. Phys. Lett. 30 (1977) 478.

[2] B.C. Young, F.C. Cruz, W.M. Itano, J.C. Bergquist, Phys. Rev. Lett. 82 (1999) 3799.

[3] K. An, C. Yang, R.R. Dasari, M.S. Feld, Opt. Lett. 20 (1995) 1068.

[4] CJ. Hood, M.S. Chapman, T.W. Lynn, H.J. Kimble, Phys. Rev. Lett. 80 (1998)
4157.

[5] M.S. Shahriar, G.S. Pati, R. Tripathi, V. Gopal, M. Messall, K. Salit, Phys. Rev. A 75
(2007) 053807.

[6] E.J. Post, Rev. Mod. Phys. 39 (1967) 475.

[7] G.E. Stedman, Rep. Prog. Phys. 60 (1997) 615.

[8] G.B. Malykin, Phys. Uspekhi 43 (2000) 1229.

[9] S. Ezekiel, HJ. Arditty (Eds.), Fiber-Optic Rotation Sensors and Related
Technologies, Springer Series in Optical Sciences, vol. 32, Springer-Verlag,
Berlin, 1982.

[10] G.A. Sanders, S. Ezekiel, J. Opt. Soc. Am. B 5 (1988) 674.

[11] U. Leonhardt, P. Piwnicki, Phys. Rev. A 62 (2000) 055801.

[12] S. Ezekiel, S.R. Balsamo, Appl. Phy. Lett. 30 (1977) 478.

[13] W.W. Chow, ]. Gea-Bancloche, L.M. Pedrotti, V.E. Sanders, W. Schleich, M.
Scully, Rev. Mod. Phys. 57 (1985) 61.

[14] G.S. Pati, M. Messal, K. Salit, M.S. Shahriar, Phys. Rev. Lett. 99 (2007) 133601.

[15] M.M. Kash, V.L. Sautenkov, A.S. Zibrov, L. Hollberg, G.R. Welch, M.D. Lukin, Y.
Rostovtsev, E.S. Fry, M.O. Scully, Phys. Rev. Lett. 82 (1999) 5229.

[16] M.D. Lukin, M. Fleischhauer, M.O. Scully, V.L. Velichansky, Opt. Lett. 23 (1998)
295.

[17] H. Wang, D.J. Goorskey, W.H. Burkett, M. Xiao, Opt. Lett. 25 (2000) 1732.

[18] D.J. Goorskey, H. Wang, W.H. Burkett, M. Xiao, ]. Mod. Opt. 49 (2002) 305.

[19] G. Muller, M. Muller, A. Wicht, R.H. Rinkleff, K. Danzmann, Phys. Rev. A 56
(1997) 2385.

[20] E.E. Mikhailov, K. Goda, T. Corbitt, N. Mavalvala, Phys. Rev. A 73 (2006) 053810.

[21] M.D. Lukin, M. Fleischhauer, A.S. Zibrov, H.G. Robinson, V.L. Velichansky, L.
Hollberg, M.O. Scully, Phys. Rev. Lett. 79 (1997) 2959.

[22] A. Wicht, K. Danzmann, M. Fleischhauer, M. Scully, G. Miiller, R.-H. Rinkleff,
Opt. Commun. 134 (1997) 431.

[23] R.H. Rinkleff, A. Wicht, Phys. Scr. T118 (2005) 85.

[24] A.A. Savchenkov, A.B. Matsko, L. Maleki, Opt. Lett. 31 (2006) 92.

[25] LJ. Wang, A. Kuzmich, A. Dogariu, Nature 406 (2000) 277.

[26] T.A. Dorschner, H.A. Haus, M. Holz, LW. Smith, H. Statz, IEEE ]. Quant. Elect. QE-
16 (1980) 1376.

[27] E.D. Black, Am. ]. Phys. 69 (2001) 79.



	Demonstration of displacement-measurement-sensitivity displacement-measurement-sensitivity proportional to inverse group index of intra-cavity medium in a ring resonator
	Acknowledgements
	References


